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Abstract

Evolutionary structural optimization (ESO) method is based on a simple idea that the optimal structure can be
produced by gradually removing the ineffectively used material from the design domain. ESO seems to have some
attractive features in engineering aspects: simple and fast. In this paper, ESO is applied to optimize shaft shape for the
rotating machinery by introducing variable size of finite elements in optimization procedure. The goal of this
optimization is to reduce total shaft weight and resonance magnification factor (Q factor), and to yield the critical
speeds as far from the operating speed as possible. The constraints include restrictions on critical speed, unbalance
response and bending stresses. Sensitivity analysis of the system parameters is also investigated. The results show that
new ESO method can be efficiently used to optimize the shape of rotor shaft system with frequency and dynamic

constraints.
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1. Introduction

In the design of modern turbomachinery, it is often
necessary to improve the performance of rotor-
bearing systems. This usually requires maximizing
the volume flow rate and pressure, and minimizing
the energy losses, through a machine of limited size
and weight. This generally suggests high shaft speeds,
multiple stages, highly loaded rotating components,
large spacing between stages, etc. All of these features
tend to create rotordynamic problems. (Vance, 1988)
Since critical speed range influences performance and
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safety of the whole system, it may be necessary and
better to constrain the critical speeds and the reso-
nance magnification factor (Q factor) in the design
process to avoid large vibration. And the mini-
mization of response amplitudes within the operating
speed range of the system may be the most primary
design objective. The problem of weight minimi-
zation usually arises from the revision of an existing
rotor-bearing system to promote the system perfor-
mance. As performance considerations and rotordy-
namic considerations are often in conflict, the design
of a successful and reliable machine requires co-
operation and compromises between the two dis-
ciplines.
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Many papers have shown that the system pa-
rameters, including the distribution of the mass,
stiffness of the shaft and the dynamic coefficients of
the bearings, have an influence on the dynamic
characteristics of a rotor-bearing system. (Rajan et al.,
1987; Wang and Shih, 1990; Diewald and Nordmann,
1990; Doizelet and Bondoux, 1990; Shiau and
Hwang, 1990; Shiau and Chang, 1993) These studies
used gradient-based mathematical programming me-
thods, such as sequential quadratic programming app-
roach, made use of local curvature information
derived from linearization of the original functions by
using their derivatives with respect to the design
variables. These methods present a satisfactory local
rate of convergence, but they cannot assure that the
global optimum can be found and also consume a
large part of the total computational effort. On the
other hand, the application of evolutionary algorithms
based on probabilistic searching, such as genetic
algorithm (GA) (Goldberg, 1989; Holland, 1975) and
evolution strategies, (Rechenberg, 1973; Schwefel,
1981) can avoid performing the computationally
expensive analysis step because they do not need
gradient information. They may suffer, however, from
a slow rate of convergence towards the global
optimum and do not guarantee convergence to the
global optimum. (Lagaros et al., 2002) Choi and Yang
has studied the optimum shape design of a rotor-
bearing system with restrictions on critical speeds
using the GA (Choi and Yang, 2000) and immune-
genetic algorithm. (Choi and Yang, 2001) These
papers focuses on the optimum design of a rotor-
bearing system with minimum shaft weight,
minimum Q factor and enough separation margin of
the critical speed under the requirements of dynamic
behaviors such as dynamic stress and steady-state
unbalance response, to increase the performance of a
rotor-bearing system.

Evolutionary structural optimization (ESO) method,
which is introduced by Xie and Steven (Xie and
Steren, 1993) in 1993, is based on the simple idea that
the optimal structure (maximum stiffness, minimum
weight) can be produced by gradually removing the
ineffectively used material from the design domain
(Xie and Steren, 1997; Querin et al., 1998). ESO
seems to have some attractive features in the
engineering aspects. The ESO is very simple to
program via the finite element analysis (FEA)
package and requires a relatively small amount of
FEA time. Additionally, the ESO topologies have

been compared with analytical ones, and so far the
results are quite promising. On the other hand, ESO
does not have a solid theoretical basis, and
consequently, the ESO minimization problem is still
unsolved (Tanskanen, 2002). The primary goal of
research and development of ESO is to provide
engineering industry with a practical and user-friendly
optimization method to assist in the design process.
Hence, ESO has been extended to accommodate
various optimization criteria and is becoming a more
practical method. Some of these researches include
the implementation of stiffness and displacements as
optimization criteria (Zhao et al., 1996) and the
applications in multiple loads (Xie and Steren, 1996),
non-linear dynamic (Zhao et al., 1996) and buckling
problems (Chu et al., 1996). Querin et al. extended
the ESO method to add as well as remove elements,
namely bi-directional ESO (BESO). This means that
the initial design no longer had to be the maximum
design domain. Thus the solution time may be
reduced especially if the user specifies a near optimal
topology to be the initial design. However, this
knowledge is not always available and the typical
long solution time of ESO has been an obstacle to its
practical applicability as a design tool.

In conventional ESO method, the size of finite
element in each iterative step is always fixed. To get a
fine shape of optimum, the design model should be
divided more detail, and it takes very long calculation
time because FEA is executed in each iterative step.
To overcome these demerits of ESO shown in
previous works, a new method that is faster and more
accurate scheme is investigated in this paper by
introducing the variable size of finite element in each
iterative step.

In this paper, as the design variable is the diameter
of each shaft element, the finite element that should
be removed or added is the type of shell which has
unit width of direction to diameter. To applying this
new approach, firstly, the eigenvalue and the
sensitivity analysis of initial model is executed, and
then calculate the sensitivity numbers of object
function for the diameter of each element. And the
sensitivity numbers of each element are compared,
and add or remove the element (in this model,
increase or decrease the diameter of element) in
proportion to sensitivity numbers. As the iteration
number increase, the size of element becomes more
precisely and finally converge to optimum shape. The
proposed ESO method is applied to find the optimum
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shape of a rotor shaft in the electric motor so that the
optimized rotor-bearing system can yield the
minimum shaft weight, Q factor and enough
separation margin of critical speed with the dynamic
behavior constraints. The results show that the
proposed ESO algorithm can reduce weight of the
shaft and Q factor, and yield the critical speeds as far
from operating speed as possible with dynamic
constraints.

2. Rotor model and theory

Usually the rotor-bearing system is modeled as an
assemblage of the discrete bearings and the rotor
segments with distributed mass and elasticity. In order
to make an accurate analysis of the complex rotor-
bearing systems, the vibration is calculated using
general finite element procedures in this paper. Since
the finite element discretization procedure is well
documented in many literatures (Nelson and
McVaugh, 1976), the details will be omitted here and
only the equations of motion are presented below.

The system equations that describe the behavior of
entire rotor-bearing system are formulated by taking
into account the contributions from all elements in the
model. The assembled equation of motion with N,
elements in the whirl frame coordinates is of the form
(Choi and Yang, 2002)

Mp+Cp+Kp=0" M

where M (= M, + M,) is the mass matrix, M,, M, are
the translational and rotational mass matrices, C (= —
QG+ C), K (= K, + K) are the damping and
stiffness matrices, G is a gyroscopic matrix, K;, C; are
the stiffness and damping matrices of bearing, and Q“
is a force vector, respectively.

2.1 Eigenvalue analysis

In setting up the complex eigenvalue problem for
the whirl frequencies of the system governed by Eq.
(1), it is convenient to write the system equation in
the first order state vector form as

Aq+Bg=0 (@)

where

ol e le el

For assumed harmonic solution ¢ = ge” of Eq.
(2), the associated eigenvalue problem is

(AL +B)g=0 3)

where A is the eigenvalue. The eigenvalues are
usually complex eigenvalues and conjugate roots

A=aitjo, “
where ¢;, @ are the growth factor and the damped
natural frequency of the ith mode, respectively. The Q

factor in the critical speed (Q;) is expressed in term of
the real and imaginary parts of complex eigenvalue.

Q== ©)

where ¢; is the damping ratio of the ith mode.

2.2 Steady-state unbalance response

The mass unbalance forces Q" shown in Eq. (1)
can usually be expressed as follows:

Q"'=0,02" " ©)
where Q, is independent of time and rotating speed.

The steady-state response due to mass unbalance is
assumed of the form

p=p,e’” ™
Substituting Egs. (6) and (7) into Eq. (1) yields
K -Q2*(M+N-G)p,=2°Q ®)

Then the steady-state response can be obtained by
solving Eq. (8) for p,.

2.3 Bending stress analysis

The bending stress resisted by the rotating flexible
shaft can be obtained as follows [2]:

4
2 (@) (i,m)
o= Y K oo i 1, ©)
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4
i () (i,m)
O'((;)m): zKe(M) 'ps(lj;n Toi 1 (10)
j=1

where the superscript i denotes the ith shaft element;
the superscript m denotes when 2 = Q,, Q, is
associated with the operating speed; o(;” and
O'((;’)m) represent the bending stress of a nodal point
on the left-hand side and right-hand side of the shaft
element; pqglj;" ) represents the value of the (4i —4 +
Jth entry of the steady-state response vector p; as 2=
2, and K°), denotes the value of the stiffness
matrix K° of the ith shaft element at the /th row and

the jth column.

2.4 Sensitivity analysis

In the ESO method, a key issue is to evaluate the
efficiency of material used in the design domain. For
a static optimization problem, the efficiency of
material can be evaluated by considering the stress
level of each particular element. If the stress level of
an element is very low, it means that the material of
this element is not used efficiently and therefore can
be removed. For the natural frequency optimization
problem, there is not any external dynamic load in the
system because the system is in a free vibration state.
Thus, it is impossible to use stress level to determine
the efficiency of material for an evolutionary natural
frequency optimization problem. In order to solve this
problem, it is essential to evaluate the individual
contribution of an element to the natural frequency
concerned since finite elements are basic cells of the
design domain. Although the sensitivity of a natural
frequency, which is usually expressed in the di-
fferentiation sense, can be used to evaluate the
efficiency of an element, the contribution factor of
each element to the natural frequency is used in this
study to evaluate the efficiency of the element,
because it is expressed in the difference sense and
therefore may be most suitable to the finite element
analysis.

2.4.1 Sensitivity analysis of eigenvalue
It can be expressed to Eq. (11) considering the ith
mode complex eigenvalue and eigenvector from Eq.

@

(4A+B)g, =0 (11)

where,

c M K 0 0,
A = , B = , 0, =
M 0 0 -M A0,

Taking the derivative of Eq. (11) with respect to
design parameter d; gives

[M" A+ ﬂ.a—A+a—BJ(p‘.

od ‘od, od,
J J J (12)
+(1A + 52 _y
ad,
Then premultiplying Eq. (12) by q)l-T
oA . 04 oB
—LoTA ¢+ 19! —¢, +0] —0,
adj ¢4 9, P adj ¢+, ij 9,
(13)

+o (44 + B)%: 0

J

Solving Eq. (13) to obtain the eigenvalue sensitivity
gives

%:_—&pijq (14)
ij 2
where,
Pi=0; A9, =01,C ¢, +22,0{M ¢y;,
T
bi=0; ad/ ?;
aC oM
= T— .+Zﬂ. T— .
(plt ad] (pl/ Aq)ll ad, (plz

_ oB oK oM

’ T T 2 T
q9;=Q; 8dj P, =9 ad] Py i P1i ad] Py

2.4.2 Sensitivity analysis of Q factor

Similarly by differentiating Eq. (5) with respect to
design parameter d;, the derivatives of Q factor can be
obtained as

p) o T oy o0,
0 =—5 ! + o] ——————==(15)

2 0. = 2 v
j 2a; 2aa? +o?f
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i =3d, " 3d,
o, y3

w; =—"=1Im
" "%d, " "\ad,

2.4.3 Sensitivity of weight
The total weight of shaft can be expressed as
follows

N,

z L0i Al d”) (16)

i=1

where [, dp; and dj; are the length, outer diameter and
inner diameter of the ith element, p is the density of
element and N, is the total number of element,
respectively.

As the outer diameter of each element is taken into
design variable in this paper, the derivatives of other
elements are zeros and finally the derivatives of total
shaft weight for the jth element diameter are of the
form

o _pr
ad ; 2

J

—dy) (17)

3. Optimal design procedure

In the rotordynamic problem, since the rotating
shaft has circular cross sections and is usually
modeled by the beam finite element, the topology of
shaft can be optimized by changing the diameters of
each finite element gradually. Therefore the diameters
of each element were selected as design variables.

E d, | d,

Y

Fig. 1. The definition of design variables considered.

From the viewpoint of the traditional ESO method,
the type of finite element that should be removed or
added is a circular shell of unit thickness (&d)). Figure
1 describes the design variables considered in the
finite elements and the cross section of the shaft.

In this study, the objective function F(x) is
composed of the shaft weight W(x), natural frequency
a(x) and Q factor Qfx). For this example, the
operating speed (3000 rpm) is between the 2nd
forward natural frequency (2397 cpm) and the 3rd
forward natural frequency (9071 cpm). The operating
speed is near the 2nd natural frequency and the 3rd
natural frequency is far from the operating speed
sufficiently. So the objective function is as follows:

Fx)=« W(x) + 4 @y (¥) +y 2, = Minimize
VVO a)ZO 20

(18)

where @, fand yare weighting factors. Each value of
the objective function is divided by the reference
value to make the objective function dimensionless
and all value of three items having equal value range
because three items in the objective function have a
different unit and scale. The constraints on the
bending stress and unbalance response are taken as
follows:

gl(x):|o-max|_o->x< <0

. (19)
gz(x) | max| 6 <0
where G, and Oy denote the maximum bending
stress and response in the steady-state. o and &
represent the allowable stress and allowable steady-
state response, respectively.
From Egs. (14), (15), (17) and (18), the sensitivity
number SN of objective function is defined as
follows:

_OF aE)_W+,[)’8aJ2F+

T3, W,od, w, od,

Oy od j

Hence, the solution procedures using sensitivity
number of multi-objective optimization problem are
outlined as follows, and Fig. 2 describes the basic
operation of ESO.

Step 1. FE analysis of new model which produces
total weight W, natural frequency @ and Q factor O,
and calculates the value of objective function F(x)
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using Eq. (18).

Step 2. Sensitivity analysis which produces SN of
objective function for each diameter of element using
Eqg. (20).

Step 3. Changing the diameter of each element in
proportion to sensitivity number. If the SN of the ith
element is positive, the diameter of this element has
to be decreased, because the sensitivity number
means the change of objective function per positive
unit change of design variable and the goal is to
minimize the objective function. Hence, it needs to
determine how much change should be accomplished.
In this paper, following changing criterion is used.

SN;
————(dimax —d;) C :SN; <0
SNmaX ( imax z) P i
=1 e
L (d, -d,,,) Cp : Otherwise
SNmaX
@D

where, &, is the amount of change of the ith element,
SN; is the sensitivity number of the ith element, SN,
is the maximum absolute value of sensitivity number
among all element, d; is the diameter of the ith
element, C, is the changing rate of the shaft at each
iterative step, dinax, dimnm are the maximum and
minimum allowable diameter of the ith element at
present iterative step (jth step).

If the sign of SN of this element in present iterative
step (jth step) is changed from previous step, there
must be the optimum value between present diameter
and previous diameter. So the limit of diameter needs
to be changed as follows:

L (22)

{ d, e =d, 2 SN, SN, <0, SN, <0
=d, ., : SN, SN,, <0, SN, >0

i,jmin

where, i and j denote the ith element and jth step of
iteration, respectively.

Step 4. Checking the constraints condition. If all
constraints are not satisfied, failed elements which
make constraints unsatisfactory can be found by
examining the constraints according to change in the
diameter of each element. Then a new shaft shape can
be obtained by changing the diameter of shaft based
on the step 3 except failed elements.

Step 5. Repeat step 1 to step 3 until the following

dmprt cata 32 zroza-bear g seste
Diglea tae obr2cive wckon, é25en variclas 1ad sde coasant

Dffme Cpard 2,
M Hrocaduie
Fnle (1= 1 Mas_tratiar)
ek Ot ave_Fuziao, § feters Oby_Fuaig, 520

ekt Bezenavsy_ Mo  Seaera EM, 0

Call, A el ) - oo dialhe o,

Fnoi i

Fail whails

Gl Ve sk Uloegdins | Sesrada, i

(Faalhe_Fra) - Oh_Fuoaz - e Thi_For(r 3)e=0%0 S
Srex Wt Procedis

Fad i
Led ke

Brd Maln_Frocedurs

Fig. 2. Optimization procedures of ESO.

Fig. 3. The schematic of motor model (Choi and Yang, 2001).

Table 1. Configuration data of induction motor.

Motor 2 Pole, 50 Hz, 2200 kW
Rotor weight 13.105 kN
Core weight and
Polar moment of 7.67kN, 276.5 N-m®
inertia
Fan weight and
Polar moment of 0.177 kN, 7.85 N-m’
inertia
L=2.847 m, W=15207 kN,
Shaft E =206 GN/m?, G =83.06 GN/m?*,y=77
KN/m®
Bearing 2 lobe bearing (preload factor = 0.5)

C=0.1 mm, L =150 mm, D= 125 mm

convergence criterion C, is satisfied.

| Fi = F; | <c

Fj*l

(23)

4. Numerical example

In order to illustrate how the ESO can be used to
find the optimum value of a shaft diameter, a nu-
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merical example is presented. The example is taken
from Choi and Yang (Choi and Yang, 2001) which is
the three-phase induction motor for heavy duty as
shown in Fig. 3. The principle data for this motor are
listed in Table 1. In this example, ESO is used to
minimize the shaft weight, Q factor and yield the
critical speed so far from the operating speed as
possible. The optimum model is compared with an
original model in the unbalance response, Campbell
diagram, deflection and bending stress.

The side constraints of the design variables are
given by

12.5mm < d; <£20.5 mm, i =1to 19

d\ ~dy, dyo, dyy , d7 ~ dig: will not change

In Eq. (18), Wy (= 5.27 kN), @y (= 255 rad/s) and
050 (= 20.24) are original model value and a= =1,
7= 0.004. The weighting factors of the shaft weight
and the natural frequency are set to be same and
weighting factor of Q factor is smaller than others,
because Q factor is much influenced by bearing than
shape of shaft elements. In ESO algorithm, the
changing rate of shaft diameters at each iterative step
is set to 55% of changeable region (C, = 0.55) and the
convergence criterion factor C, is set to 5x10°. Figure
4 shows the shape of an original, intermediate and
optimum shaft. The gray area shows fixed elements.
It can be seen that which element is more effective to
decrease the objective function. Figure 5 shows the
change of shaft weight, 2nd natural frequency and
objective function in each iterative step. Also, this
figure represents that these parameters are converged
within several times of iteration. In Figs. 6 and 7, the
comparison of critical speeds and unbalance
responses before and after optimization are shown.
Compared with the original model, the 2nd critical
speed decreased from 2397 cpm to 1967 cpm, so the
operating speed is sufficiently away from resonance
region. To analyze the unbalance response, the allow-
able residual unbalance is calculated on the basis of
ISO 1940 G 6.3. The allowable residual unbalance
obtained is divided into two and applied to both ends
of a core. In Fig. 7, the unbalance response in the
center of core is shown. The unbalance response of an
optimum model (43.4 um) in the operating speed is
reduced about 11.5 um compared to the original
model (54.9 um) in Fig. 7. Also the maximum un-
balance response at the bearing satisfies the vibration
limit value (50.8 wm) of API standards in bearing,
sufficiently.

Figure 8 shows a comparison of the deflection and

@ ol [ T e
o) B s
i) mﬁ—ﬁ 5
@m Tl R umE

d) |

Fig. 4. Evolving shaft shape for a motor rotor, (a) Original
design; (b) after 1st iteration; (c) after 3rd iterations; (d) after
Sth iterations; e) optimum design (after 18th iterations).
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1000 4
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Fig. 5. Evolutionary history of the objective function.
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Fig. 7. Unbalance response at the mid-span of rotor core.
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Fig. 8. Shaft deflection for the original model and optimum
design.
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Fig. 9. Bending stress for the original model and optimum
design.

Table 2. Comparisons of shaft diameters of the original and
optimum design.

Shaft Shaft element diameter d; (m)
Element element

No. length Original Optimum
/; (m) design design
1 0.250 0.1290 0.1290
2 0.117 0.1500 0.1500
3 0.081 0.1250 0.1250
4 0.081 0.1250 0.1250
5 0.057 0.1500 0.1250
6 0.051 0.1650 0.1251
7 0.083 0.1750 0.1252
8 0.457 0.1929 0.1524
9 0.063 0.2050 0.1718
10 0.375 0.1950 0.1950
11 0.375 0.1950 0.1950
12 0.063 0.1949 0.1686
13 0.230 0.1929 0.1552
14 0.230 0.1929 0.1308
15 0.051 0.1650 0.1251
16 0.055 0.1500 0.1250
17 0.083 0.1250 0.1250
18 0.083 0.1250 0.1250
19 0.062 0.1500 0.1500

Table 3. Total shaft weight, 2nd natural frequency, Q factor
and unbalance response of the original model and optimum
design.

Item Original design ~ Optimum design
Total weight, W(x) 5.27kN 4.19kN
2nd natural frequency, 2397 cpm 1967 cpm
@2r(x)
Q factor, Os(x) 20.24 31.37
Unbalance response 54.9 um 43.4 um

bending stress before and after optimization. In
general, the allowable deflection &, is calculated by

4,<0.00033 /7 24

where / is the shaft length between two bearings.
Comparing with an original model, the deflection is
decreased a little in Fig. 8. Figure 9 shows a com-
parison of the bending stress before and after op-
timization. The maximum bending stresses of the
original and optimum models are smaller than the
allowable stress because the allowable bending stress
is 90 MPa.

Tables 2 and 3 show the shaft diameter, total shaft
weight, 2nd natural frequency, and Q factor of the
original and optimum design.

5. Conclusions

Traditional ESO method has been applied su-
ccessfully in structure topology optimization with its
advantage of easy use and graphic-based imple-
mentation. This study applied the ESO method to
optimum shape design of rotating shafts. As far as
authors explored, this is the first attempt in the world.
In the structural topology optimization using ESO
method, often the objective is only to minimize the
total weight, whereas in the shape optimization of
rotating shaft, several design criteria and constraints
are to be considered. The objectives for optimization
in this study were set to minimize shaft weight and Q
factor and to avoid the resonance region as far as
possible from the operating speed under stress
constraint and dynamic response constraint. To apply
the structural ESO method to rotating shaft, sen-
sitivities for each objective function were derived
mathematically. The proposed method applied to
optimum design of a large induction motor shaft. The
results showed that total reliability of the system was
greatly improved in terms of Q-factor, separation
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margin of critical speed and unbalance response, even
with the reduced shaft weight. It is also noted that
most rotating shafts in use are considered not to be
optimized because the original shaft design used in
this study is from a motor manufacturer. The pro-
posed ESO method is expected to be used effectively
in the design of rotating shafts in various industrial
machineries as well as motors.
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